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We investigate structural and thermodynamic properties of aqueous dispersions of ionic microgels
– soft colloidal gel particles that exhibit unusual phase behavior. Starting from a coarse-grained
model of microgel macroions as charged spheres that are permeable to microions, we perform simula-
tions and theoretical calculations using two complementary implementations of Poisson-Boltzmann
(PB) theory. Within a one-component model, based on a linear-screening approximation for effective
electrostatic pair interactions, we perform molecular dynamics simulations to compute macroion-
macroion radial distribution functions, static structure factors, and macroion contributions to the
osmotic pressure. For the same model, using a variational approximation for the free energy, we
compute both macroion and microion contributions to the osmotic pressure. Within a spherical
cell model, which neglects macroion correlations, we solve the nonlinear PB equation to compute
microion distributions and osmotic pressures. By comparing the one-component and cell model
implementations of PB theory, we demonstrate that the linear-screening approximation is valid for
moderately charged microgels. By further comparing cell model predictions with simulation data for
osmotic pressure, we chart the cell model’s limits in predicting osmotic pressures of salty dispersions.
I. INTRODUCTION
Microgels are colloidal gel particles, typically 10-1000
nm in size, dispersed in, and swollen by, a solvent. Since
their first synthesis 65 years ago [1], microgel dispersions
have drawn interdisciplinary interest that has grown at
an accelerating pace over the past two decades [2]. Ex-
perimental and theoretical attention has been driven as
much by fundamental interest in the unusual properties
of these soft materials as by practical interest in potential
applications. Recent reviews [3–6] describe prospective
technologies, for example, in the chemical, biomedical,
petroleum, and pharmaceutical industries.
Elastic, compressible, and interpenetrable gel parti-
cles can be highly sensitive to changes in solution con-
ditions [7–12]. The degree of swelling can be controlled
by adjusting temperature, pH, and chemical composi-
tion, including ionic strength. Extreme responsiveness
of microgels to their environment often leads to unique
mechanical and rheological properties, especially at con-
centrations near close packing [13–20], and makes micro-
gels good candidates for chemical sensors and vehicles for
targeted delivery and release of drugs [21–25].
In recent years, well-characterized dispersions of
monodisperse microgels have been synthesized by emul-
sion polymerization and cross-linking of polyelectrolytes,
such as poly(N-isopropylacrylamide) (PNIPAM) [26–28]
or vinylpyridine [17]. The physical properties of poly-
electrolyte microgel dispersions have been measured by a
variety of experimental methods, including light scatter-
ing, small-angle neutron scattering, confocal microscopy,
and osmometry, which have probed the connections be-
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tween particle elasticity, osmotic pressure, structure, and
phase behavior [29–39].
In water or other polar solvents, microgels become
charged through dissociation of counterions from the
polyelectrolyte backbones. The gel particles are then
stabilized both sterically by dangling surface chains and
electrostatically by electric charge. Because of their per-
meability to solvent molecules and small ions, and the
prevalence of electrostatic forces, whose strength and
range depend on degree of ionization and salt concen-
tration, ionic microgels display unusual structural and
thermodynamic properties [35, 40, 41] that are distinct
from those of impermeable charged colloids [42].
Experimental advances have motivated related theo-
retical and computational modeling. Theoretical under-
standing of the swelling of bulk ionic networks (gels) has
a long history [7–9, 43, 44]. More recent theoretical ef-
forts have focused on effective electrostatic interactions
between microgel macroions [45] and associated thermo-
dynamic phase behavior [46]. For example, Gottwald et
al. [47] calculated the phase diagram of dense dispersions
of microgels governed by effective electrostatic interac-
tions [45], using a powerful and elegant genetic algorithm
to survey a wide variety of candidate crystal structures.
Computer simulations of the primitive model [48, 49]
and of coarse-grained bead-spring models of polyelec-
trolytes [48–51] have elucidated ion distributions and
structure in dispersions of ionic microgels.
The present work is distinct from previous modeling
studies in several respects. First, by focusing on signif-
icantly charged microgels, we highlight the influence of
electrostatic interactions on bulk properties of ionic mi-
crogel dispersions. Second, we demonstrate several prac-
tical computational methods for modeling pair correla-
tions and osmotic pressure, which are applicable also to
other permeable macroions. Third, by comparing predic-
tions of two alternative implementations of the Poisson-
Boltzmann theory of polyelectrolyte solutions, we sys-
2tematically assess the validity of perturbative theoretical
approximations and of the widely used cell model.
The remainder of the paper is organized as follows.
In Sec. II, we describe the physical models on which our
simulations and calculations are based. Starting from the
primitive model of polyelectrolytes and a uniform-sphere
model of microgel macroions, we outline derivations of
the one-component and cell models of ionic microgel dis-
persions. In Sec. III, we describe the computational
methods – molecular dynamics simulation and thermo-
dynamic perturbation theory – that we use to investigate
physical properties of microgel dispersions. Details of the
effective interactions required as input to the simulations
and theory are deferred to the Appendix. In Sec. IV,
we present numerical results for structural and thermo-
dynamic properties, specifically the macroion-macroion
radial distribution function, the static structure factor,
and the equation of state (osmotic pressure vs. microgel
density). Section V concludes with a summary of our
main results and suggestions for future work.
II. MODELS
A. Primitive Model of Polyelectrolytes
Underlying our investigations is the primitive model
of polyelectrolytes [52–54], which idealizes the solvent
as a uniform medium. Applied to microgel dispersions,
the model comprises spherical macroions and microions
(counterions and salt ions) dispersed in a dielectric con-
tinuum, characterized only by a dielectric constant ǫ.
Dissociation of counterions from polyelectrolyte chains
and electrostatic screening are affected by pH and ionic
strength. Here we assume constant pH and background
ionic strength, thus fixing the macroion size and charge.
For simplicity, we further assume that the macroions are
monodisperse in radius a and valence Z and that their
radius is independent of macroion concentration. The
latter assumption is consistent with experiments, which
indicate that crowding induces ionic microgel particles to
de-swell only at concentrations approaching overlap [13].
Further abstracting, we treat the microions as mono-
valent point ions (valence z = 1). Bulk electroneutrality
relates the macroion number Nm to the counterion and
coion numbers N± via ZNm = N+ −N−, assuming neg-
ative macroions. The total number of microions in the
system can be expressed asNµ = N++N− = ZNm+2Ns,
where Ns = N− is the number of salt ion pairs. Equiv-
alently, the corresponding ion number densities are re-
lated via Znm = n+ − n−, nµ = n+ + n−, and ns = n−.
The macroions are confined to a volume V , while the
microions can exchange freely with an electrolyte reser-
voir of ion pair number density n0 and bulk molar salt
concentration crs = n0/NA, whereNA is Avogadro’s num-
ber. Donnan equilibrium between the system and reser-
voir generally leads to a salt concentration in the system
cs = ns/NA that is lower than in the reservoir.
(r)
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FIG. 1. The primitive model (PM) of ionic microgel disper-
sions comprises macroions (larger spheres) and explicit coun-
terions and coions (smaller, light and dark spheres) dispersed
in a uniform-dielectric solvent. The PM can be mapped onto
either the coarse-grained one-component model (OCM), with
implicit microions and pseudo-macroions interacting via an
effective pair potential veff (r), or the cell model (CM), consist-
ing of a single macroion centered in a spherical cell along with
microions. In all models, the solution can exchange microions
(in Donnan equilibrium) with an implicit salt reservoir.
The primitive model has a long tradition in predict-
ing bulk properties of polyelectrolyte solutions [55] and
charge-stabilized colloidal suspensions [42, 56, 57], in-
cluding osmotic pressure and thermodynamic behavior.
Nevertheless, neglect of molecular degrees of freedom,
and thus all ion hydration effects, limits applications of
the model to length scales much longer than the range of
correlations between solvated ions. In the systems that
we examine here, the Debye screening length, which char-
acterizes the typical ion-ion correlation length, is at least
30 nm, justifying use of the primitive model.
B. Uniform-Sphere Model of Ionic Microgels
Spherical microgels, consisting of cross-linked networks
of polyelectrolyte chains, typically vary in size from tens
of nanometers to microns. When dispersed in water,
the chains of ionic microgels (e.g., PNIPAM) can be-
come charged through dissociation of protons or other
oppositely charged counterions. The macroion size and
charge may be adjusted by varying solution conditions
(e.g., temperature and pH). The porous structure of the
gel network allows water and microions to easily pene-
trate. Condensation (or close association) of some of the
counterions can reduce the effective charge of ionic micro-
gels, while bare Coulomb interactions between microgels
are screened by mobile microions in solution.
3The simplest model of an ionic microgel represents a
macroion as a uniformly charged sphere, penetrable to
microions, characterized by only a fixed charge number
density nf = 3Z/(4πa
3) [45]. Neglecting the internal
structure of the particle, this uniform-sphere model pre-
serves the key properties of permeability and electrostatic
screening, and is reasonable when the Debye screening
length is much longer than the average distance between
neighboring cross-links [44]. It should be noted, however,
that the cross-link density distribution of real microgels
depends on the chemical composition and mode of syn-
thesis and can be nonuniform [58]. From Gauss’s law,
the electrostatic potential energy of a microion near a
uniformly (negatively) charged spherical macroion is
βvmµ(r) =


−ZzλBr , r > a
−ZzλB2a
(
3− r2
a2
)
, r < a ,
(1)
where β ≡ 1/(kBT ) and λB ≡ βe2/ǫ is the Bjerrum
length – the distance at which two monovalent ions of
charge e interact with the typical thermal energy kBT
at absolute temperature T . This macroion-microion in-
teraction energy, along with the microion pair correla-
tion functions, provides the essential input to the one-
component model of ionic microgel dispersions with ef-
fective interactions.
C. One-Component Model of Microgel Dispersions
Interactions between ionic microgel macroions com-
prise an electrostatic component and a steric component
associated with the elastic nature of the gel network.
The electrostatic interactions are modeled here by an
effective-interaction theory, previously developed by one
of us [45, 59]. By formally integrating out the microion
degrees of freedom from the partition function for the
exact Hamiltonian of the multicomponent ion mixture,
the theory maps the primitive model of the system onto
a coarse-grained one-component model (OCM) governed
by an effective Hamiltonian,
Heff = K + E0 + U(r1, . . . , rNm) . (2)
The effective Hamiltonian includes the macroion kinetic
energy K, a one-body volume energy E0, which ac-
counts for the microion free energy, and the internal
potential energy U({ri}) for macroions at positions ri
(i = 1, . . . , Nm). The volume energy – specified in
the Appendix – while not affecting structural properties,
does affect thermodynamic properties, such as pressure
and phase stability.
In a linear-response approximation [60, 61], the mi-
croion densities respond linearly to the electrostatic po-
tential of the macroions:
nˆ±(k) = χ±(k)vˆm±(k)nˆm(k), k 6= 0 , (3)
where nˆ±(k) are Fourier transforms (with wave vector k)
of the microion densities, χ±(k) are linear response func-
tions of a two-component microion plasma, and vˆm±(k)
are Fourier transforms of the macroion-microion electro-
static potential energy [Eq. (1)] for positive and negative
(z = ±1) microions. The k → 0 limit must be treated
separately, since the numbers of microions, N± = nˆ±(0),
do not respond to the macroion potential, but rather are
determined by the electroneutrality constraint.
As described in detail elsewhere [45, 60, 61], the
linear-response approximation [Eq. (3)], which is justi-
fied for sufficiently weak electrostatic coupling (typically,
ZλB/a < 5), when combined with a mean-field random-
phase approximation (RPA) for the microion response
functions [60, 61], which is valid for weakly correlated
monovalent (z = 1) microions, yields the electrostatic po-
tential inside and around a macroion (in units of kBT/e):
ψ(r) =
{
ψ>(r) , r > a
ψ<(r) , r ≤ a , (4)
with
ψ>(r) = − 3ZλB
κ˜2r
(
cosh κ˜− sinh κ˜
κ˜
)
e−κr (5)
and
ψ<(r) = − 3ZλB
κ˜2r
[
r
a
−
(
1 +
1
κ˜
)
e−κ˜ sinh(κr)
]
, (6)
where κ =
√
4πλBnµ is the screening constant in the
system and κ˜ ≡ κa. The corresponding microion density
profiles are
n±(r) = n∞ ∓ n±ψ(r) , (7)
where n∞ = 2n+n+/nµ.
Within the linear-response approximation, many-body
effective interactions vanish and the internal potential
energy can be expressed simply as a sum over macroion
pairs of an effective pair potential veff(rij):
U =
Nm∑
i<j=1
veff(rij) , (8)
where rij is the distance between the centers of macroions
i and j. Within the mean-field approximation, the effec-
tive pair potential, which we take as input to molecular
dynamics (MD) simulations and perturbation theory in
Sec. III, can be expressed as [45]
veff(r) =
{
vY (r) , r > 2a
vov + vH(r) , r < 2a .
(9)
Nonoverlapping macroions interact via an effective
Yukawa (screened-Coulomb) pair potential,
vY (r) = A
e−κr
r
, r > 2a , (10)
4with amplitude
βA = λB
[
3Z
κ˜2
(
cosh(κ˜)− sinh κ˜
κ˜
)]2
. (11)
Overlapping macroions interact via a softer effective elec-
trostatic pair potential vov(r) whose explicit form is given
in the Appendix. For stronger electrostatic couplings
(ZλB/a > 5), experience with charged colloids suggests
that the Yukawa form of Eq. (10) may still hold, but with
renormalized values for the parameters Z and κ [62–64].
Finally, the elastic repulsive interaction between the
deformable cross-linked gel networks of a pair of contact-
ing macroions we model by a Hertz potential [65]
vH(r) = B
(
1− r
2a
)5/2
, r < 2a , (12)
where the amplitude parameter B governs the strength
of the repulsion. The phase diagram of Hertzian spheres
was recently computed by Pa`mies et al. [66] using Monte
Carlo simulation. In the OCM, the total pressure,
p = pid + p0 + pm , (13)
decomposes naturally into a macroion ideal-gas term,
pid = nmkBT , (14)
a term associated with the microion volume energy,
p0 = −
(
∂E0
∂V
)
Ns/Nm
, (15)
an explicit expression for which is given in the Appendix,
and a term due to effective interactions and correlations
between macroion pairs,
pm = −
(
∂Fm
∂V
)
Ns/Nm
, (16)
where Fm is the macroion contribution to the excess free
energy. In Sec. IV, we calculate the macroion pressure
from simulations and thermodynamic theory.
The theory of effective electrostatic interactions within
the OCM, when coupled to the RPA for the microion
linear-response functions, constitutes an implementation
of the mean-field Poisson-Boltzmann (PB) theory. The
chief appeal of this approach is its consistent inclusion of
macroion-macroion interactions and correlations. Next,
we review an alternative implementation of PB theory.
D. Cell Model of Microgel Dispersions
Another widespread implementation of PB theory is
based on the cell model (CM). The principal advantages
of this approach are its explicit incorporation of non-
linear microion screening and computational simplicity.
Furthermore, comparisons between PB theory calcula-
tions within the CM for nanogels with uniform charge
distribution and MD simulations of a more explicit bead-
spring model demonstrate that the CM gives a reason-
able representation of dilute, salt-free dispersions [49]. In
Sec. IVA, we apply the CM to gauge the range of valid-
ity of the linear-screening approximation that underlies
the effective pair potential employed in our simulations
of the OCM. First, we briefly outline the CM, referring
the reader to a thorough review for details [67].
Within the primitive model, the CM represents a bulk
PE solution by a single macroion, confined to a cell of
like shape together with explicit microions and a uniform
dielectric solvent. Applied to ionic microgel dispersions,
the CM places a macroion at the center of a spherical cell,
of radius R determined by the macroion volume fraction
φ = (a/R)3, along with a neutralizing number of coun-
terions and coions, which can freely exchange with an
electrolyte reservoir to maintain a fixed salt chemical po-
tential (see Fig. 1). For simplicity, we assume here that
the water within the macroion (r < a) has a dielectric
constant equal to that of bulk water (ǫ ≃ 78) at room
temperature (Bjerrum length λB = 0.7141 nm), although
experiments on ionic microgels indicate that the interior
dielectric constant may be lower than in bulk [36, 68].
Combining the Poisson equation for the electrostatic
potential ϕ(r) with a Boltzmann approximation for the
microion densities yields the nonlinear PB equation,
ψ′′(r)+
2
r
ψ′(r) =

κ
2
0 sinhψ(r) +
3ZλB
a3
, 0 < r < a ,
κ20 sinhψ(r) , a < r < R ,
(17)
where r is the radial distance from the center of the cell,
ψ(r) ≡ eϕ(r)/kBT , and κ0 =
√
8πλBn0 is the screening
constant in the salt reservoir. The mean-field Boltzmann
approximation that underpins PB theory is equivalent to
the RPA invoked in most applications of response theory
and is similarly reasonable for weakly correlated mono-
valent microions.
The boundary conditions on Eq. (17) are as follows.
Spherical symmetry and electroneutrality dictate that
the electric field vanish at the cell center and boundary:
ψ′in(0) = 0 , ψ
′
out(R) = 0 , (18)
while continuity of the electrostatic potential and electric
field at the microgel surface requires
ψin(a) = ψout(a) , ψ
′
in(a) = ψ
′
out(a) , (19)
the subscripts “in” and “out” labelling the solutions in
the two regions. By numerically solving the PB equation
[Eq. (17)], along with the boundary conditions [Eqs. (18)
and (19)], we calculate the equilibrium microion distri-
butions within the cell. In the process, we obtain the
microion contribution to the pressure by applying the
pressure theorem,
βpµ = n+(R) + n−(R) , (20)
5FIG. 2. Snapshot of an equilibrated fluid configuration of
microgel particles from a molecular dynamics simulation.
which proves to be exact in the CM [55, 69]. The mi-
croion pressure pµ in the CM is analogous to the volume
pressure p0 in the OCM [Eq. (15)].
III. COMPUTATIONAL METHODS
A. Molecular Dynamics Simulations
To explore the contribution of macroion interactions
and correlations to the total pressure, we performed MD
simulations, using LAMMPS [70], of microgel dispersions
in the OCM. As input to the simulations, we used the
effective pair potential described in Sec. II C and the Ap-
pendix. Exploiting the openness of the LAMMPS source
code, we coded the microgel pair potential [Eq. (9)]
as a new, customized class, supplementing the existing
Yukawa pair potential class. In the canonical ensem-
ble (constant Nm, V , T ), we simulated Nm = 4000
macroions in a cubic box with periodic boundary condi-
tions, initializing the particles on the sites of an fcc lattice
and cutting off the long-range Yukawa potential at a ra-
dial distance of rc = 20/κ. Comparisons of results from
simulations of smaller systems (Nm = 500) confirmed
that finite-size effects are negligible forNm = 4000. After
an initial equilibration period of 106 time steps, during
which diagnostic quantities (energy, temperature, pres-
sure) leveled off to stable plateaus, we collected statistics
for 107 time steps. Figure 2 shows a typical snapshot
from a simulation.
To compute the macroion contribution to the pressure
from simulations of the OCM, we used the virial theorem.
Generalized to density-dependent pair potentials [63, 71],
this theorem states
pm =
〈Vint
3V
〉
−
〈(
∂U
∂V
)
Ns/Nm
〉
+ ptail , (21)
where Vint denotes the internal virial, the volume deriva-
tive term accounts for the density dependence of the ef-
fective pair potential, angular brackets denote an ensem-
ble average over configurations in the canonical ensemble,
and ptail corrects for cutting off the long-range tail of the
pair potential. The internal virial is given by
Vint =
Nm∑
i=1
ri · fi =
Nm∑
i<j=1
rij feff(rij) , (22)
where fi is the effective force on macroion i due to
all other macroions within a sphere of radius rc and
feff(rij) = −v′eff(rij) is the effective force exerted on
macroion i by macroion j. For nonoverlapping macroion
pairs, the effective Yukawa force is
feff(rij) =
(
κ+
1
rij
)
veff(rij) , rij > 2a . (23)
An explicit expression for the effective electrostatic force
between overlapping macroions is given in the Appendix.
The second term on the right side of Eq. (21) is com-
puted, using Eq. (8), as the ensemble average of
(
∂U
∂V
)
Ns/Nm
= −nm
V
Nm∑
i<j=1
(
∂veff(rij)
∂nm
)
Ns/Nm
. (24)
For nonoverlapping macroion pairs, the effective Yukawa
potential [Eq. (10)] yields
nm
∂veff(r)
∂nm
=
(
κ˜2 sinh κ˜
κ˜ cosh κ˜− sinh κ˜ − 3−
κr
2
)
veff(r) .
(25)
The corresponding expression for overlapping macroions
is given in the Appendix.
Finally, the tail pressure is approximated by neglect-
ing pair correlations beyond the cut-off radius, and thus
setting g(r) = 1 for r > rc, with the result
ptail = −2π
3
n2m
∫ ∞
rc
dr r3v′eff(r)
=
2π
3
n2m
(
κ2r2c + 3κrc + 3
κ2
)
rcveff(rc) , (26)
where the integral is evaluated using the effective Yukawa
pair potential.
B. Thermodynamic Perturbation Theory
To guide the choice of system parameters in our sim-
ulations, we adapt a thermodynamic theory previously
6applied with success to charged colloids. The theory
is based on a variational approximation [72–74] for the
macroion excess free energy Fm, which combines first-
order thermodynamic perturbation theory with a hard-
sphere (HS) reference system:
fm(nm, ns) = min
(d)
{
fHS(nm, ns; d)
+ 2πnm
∫ ∞
d
dr r2gHS(r, nm; d)veff(r, nm, ns)
}
. (27)
Here fm = Fm/V is the macroion excess free energy den-
sity, fHS and gHS are, respectively, the excess free energy
density and pair distribution function of the HS fluid,
which we compute from the highly accurate Carnahan-
Starling and Verlet-Weis expressions [74], and veff is the
effective pair potential from Sec. III A. Minimization of
fm with respect to the effective HS diameter d yields
a least upper bound to the free energy [74]. This per-
turbation theory is similar to previous implementations,
with the exception that, in the present application to
soft microgel macroions, it is possible for the effective
hard-sphere diameter to be smaller than the macroion
diameter (d < 2a).
In Donnan equilibrium, the salt concentration in the
system is determined by imposing equality of salt chemi-
cal potentials between the system and reservoir. Treating
the reservoir as an ideal gas of salt ions implies
µs = 2kBT ln(n0Λ
3) , (28)
where Λ is the de Broglie thermal wavelength and the
system salt chemical potential is given by
µs =
(
∂
∂ns
E0 + Fm
V
)
nm
. (29)
An explicit expression can be found in the Appendix.
From the macroion excess free energy, an approximation
for the macroion-macroion interaction contribution to the
total pressure follows immediately:
pm = n
2
m
(
∂fm
∂nm
)
Ns/Nm
, (30)
which may be compared with the corresponding expres-
sion from the virial theorem [Eq. (21)]. In Sec. IVB,
we apply this perturbation theory to calculate osmotic
pressures of microgel dispersions.
IV. RESULTS AND DISCUSSION
A. One-Component Model vs. Cell Model
To explore thermodynamic and structural properties
of ionic microgel dispersions, we implemented PB theory
in the one-component and cell models. As described in
Secs. II and III, we performed MD simulations and per-
turbation theory calculations in the OCM, and solved
the nonlinear PB equation in the CM. Our choices of
system parameters were guided by the recent experimen-
tal and modeling study of Riest et al. [35], who in-
vestigated structural properties of ionic microgel disper-
sions characterized by a = 700 nm, Z = 150, κa = 3.5,
and B = 104 kBT . Our simulations of this model sys-
tem yielded radial distribution functions in agreement
with ref. [35], although practically indistinguishable from
those for uncharged (Z = 0) microgels dispersions, sug-
gesting that electrostatic interactions in this relatively
weakly coupled system (ZλB/a ≃ 0.15) are too weak to
significantly influence pair structure.
To amplify electrostatic effects, we considered two rep-
resentative model systems with increased valence or de-
creased size of microgels: (1) a = 500 nm, Z = 1500,
crs =10 µM, and (2) a = 50 nm, Z = 100, c
r
s =100 µM.
We refer to these systems as “microgel” and “nanogel”
dispersions, respectively. For both systems, we followed
Riest et al. [35] in fixing the amplitude of the Hertz
pair potential [Eq. (12)] at B = 104 kBT , corresponding
to stiff elastic forces between contacting macroions. The
chosen reservoir salt concentrations are low enough to
yield relatively long Debye screening lengths – for micro-
gels, κ−1 ≃ 100 nm (κa ≃ 5), and for nanogels, κ−1 ≃ 30
nm (κa ≃ 1.7). In such low-ionic-strength solutions, elec-
trostatic interactions should significantly influence struc-
tural and thermodynamic properties.
According to their electrostatic coupling parameters,
ZλB/a ≃ 2.2 and 1.4, both systems should still fall well
within the linear-screening regime. To confirm this as-
sumption, however, we first compare predictions of the
linear-response and CM implementations of PB theory.
Figures 3-6 show numerical results for the electrostatic
potential, electric field, and microion number density pro-
files as functions of radial distance from the center of
a macroion for two different microgel volume fractions.
The results labeled OCM are calculated from the linear-
response theory [Eq. (7)], while those labeled CM are cal-
culated by solving the nonlinear PB equation [Eq. (17)] in
a spherical cell. Although not expected to agree exactly,
because of differing boundary conditions (free vs. cell) in
the two implementations, the OCM and CM profiles are
very similar, supporting the accuracy of the linearization
approximation for these parameters. Comparison of re-
sults for φ = 0.01 and 0.1 indicates weak sensitivity to
geometrical artifacts of the CM.
Nonlinear screening may account for some part of the
difference between the OCM and CM results, especially
in the nanogel system, where a microion’s electrostatic
potential energy attains a larger fraction of the thermal
energy within the macroion. In fact, solving the lin-
earized PB equation does slightly alter the CM profiles,
although care is needed in choosing a consistent reference
potential around which to expand [64, 75]. As an ex-
treme test of the linear-screening approximation, we also
calculated ψ(r) and n+(r) profiles for the parameters of
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FIG. 3. Reduced electrostatic potential ψ(r) and electric
field E(r) (inset) predicted by linear-response theory in one-
component model (OCM, solid curves) and nonlinear PB the-
ory in spherical cell model (CM, dashed curves). Results are
shown for φ = 0.01 volume fraction dispersions of (a) micro-
gels: a = 500 nm, Z = 1500, cr
s
= 10 µM; and (b) nanogels:
a = 50 nm, Z = 100, cr
s
= 100 µM. OCM ψ(r) curves are
offset to match CM curves at cell boundary (r = R).
ref. [49]: a ≃ 10.6 nm, Z = 250, crs = 0. For this nanogel
dispersion, we found that, compared with the CM, the
OCM severely underpredicts the counterion density inside
the microgel, verifying that this strongly-coupled system
(ZλB/a ≃ 17) lies deep within the nonlinear regime.
B. Osmotic Pressure of Microgel Dispersions
Having demonstrated the accuracy of the linear-
screening approximation for our system parameters, we
proceed to input the effective pair potential [Eq. (9)] into
both perturbation theory and MD simulations. Within
each approach, we computed the osmotic pressure, de-
fined as the difference in pressure between the system
and the reservoir. To facilitate comparison, we omit here
the common macroion ideal-gas contribution [Eq. (14)],
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solid curves) and nonlinear PB theory in spherical cell model
(CM, dashed curves). Results are shown for dispersions of
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System parameters are same as in Fig. 3.
defining the osmotic pressure for the two models as
Π =
{
p0 + pm − pr (OCM)
pµ − pr (CM) ,
(31)
where pr = 2n0kBT is the pressure of the (ideal-gas)
reservoir. It should be noted that the volume pressure p0
in the OCM, which is associated with the microion en-
tropy and macroion-microion interaction energy, is com-
parable to, but distinct from, the microion pressure pµ
in the CM. Within the OCM, we computed the pres-
sure from Eqs. (15) and (16), using the linear-screening
approximation for the volume energy [Eqs. (A1)-(A3)]]
and the variational approximation for the macroion free
energy [Eq. (27)]. Within the CM, we computed the
pressure from the pressure theorem [Eq. (20)].
Figure 7 presents a comparison between predictions
of the OCM and the CM for the osmotic pressure vs.
macroion volume fraction (equation of state). Although
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field E(r) (inset) predicted by linear-response theory in one-
component model (OCM, solid curves) and nonlinear PB
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ψ(r) curves are offset to match CM curves at cell boundary
(r = R). Results are shown for dispersions of (a) microgels
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the system salt concentrations – determined by equating
salt chemical potentials [Eqs. (28) and (29)] in Donnan
equilibrium – are nearly identical within the two mod-
els, the pressures differ significantly, especially so for the
microgel system. Having ruled out geometry and non-
linear screening as significant sources of the discrepancy
between predictions of the OCM and CM for these system
parameters, we seek to isolate and examine the contribu-
tion to the pressure originating purely frommacroion cor-
relations, which the OCM includes but the CM neglects.
To this end, as well as to test the accuracy of the varia-
tional approximation underlying the perturbation theory,
we performed MD simulations, using the same effective
pair potential, and computed the macroion pressure pm
essentially exactly (to within statistical error). Compar-
isons between predictions of perturbation theory for pm
and corresponding MD data are shown in Fig. 8.
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Good agreement between predictions of perturbation
theory and results of MD simulations demonstrates that
the theory accurately models the macroion pressure. In
fact, for the microgel system, the agreement is nearly ex-
act over the whole range of concentrations considered.
For the nanogel system, theory and simulation agree
closely at lower volume fractions, while deviations emerge
and grow for φ > 0.2. Given that κa in the nanogel
system is roughly 1/3 that in the microgel system, these
deviations may reveal limitations of the perturbation the-
ory when applied to such softly repulsive potentials. It
is also noteworthy that the deviations coincide roughly
with the onset of significant overlap of macroions, as re-
flected by the drop of the effective hard-sphere diameter
below the bare macroion diameter (d < 2a) at φ ≃ 0.34
(inset to Fig. 8(b)). The deviations may thus also sig-
nal the theory’s limited ability to describe correlations
between interpenetrating, soft particles.
Our analysis highlights the potentially important con-
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and (b) nanogels. System parameters are same as in Fig. 3.
tribution of macroion correlations to the osmotic pres-
sure of salty microgel dispersions. These results are con-
sistent with recent studies revealing limitations of the
cell model implementation of PB theory in predicting
osmotic pressures of charge-stabilized colloidal suspen-
sions [64, 76]. While the OCM, whose thermodynamic
properties are accessible via simulations, perturbation
theory, and integral-equation theories [35, 46, 74], nat-
urally includes the full macroion contribution to the os-
motic pressure, the CM entirely neglects the contribution
due to macroion correlations, which can be significant at
higher salt concentrations, where the microion contribu-
tion is relatively weak.
C. Structure of Microgel Dispersions
Beyond testing and confirming the accuracy of the per-
turbation theory for the macroion contribution to the
osmotic pressure, simulations have the advantage of also
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FIG. 8. Macroion contribution to total pressure from MD
simulations (symbols) and perturbation theory (curves), both
in one-component model with linearized effective interactions,
for dispersions of (a) microgels and (b) nanogels. System
parameters are same as in Fig. 3. Error bars on simulation
data are smaller than symbol sizes. Insets show effective hard-
sphere diameter d predicted by perturbation theory.
providing insight into structure. To assess the signifi-
cance of macroion correlations, we calculate structural
properties from MD simulations of microgel dispersions.
As an example, Fig. 9 shows results for the macroion-
macroion radial distribution function g(r) from our sim-
ulations of the OCM. Data are presented for both the mi-
crogel and nanogel systems, and represent averages over
104 configurations (coordinate sets), spaced by intervals
of 103 time steps. We note that the hypernetted-chain
(HNC) closure of the Ornstein-Zernike integral equation
also yields very accurate results for these systems [35, 46].
With increasing concentration, as the macroion volume
fraction increases from φ = 0.1 to 0.4, the macroions ev-
idently become more strongly correlated, as indicated by
the growing height and narrowing width of the peaks.
This trend confirms the significance of macroion correla-
tions in these concentrated fluid dispersions. The precip-
itous drop of g(r) near contact (r = 2a) indicates mini-
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FIG. 9. Macroion-macroion radial distribution functions g(r)
from MD simulations of the OCM for dispersions of (a) mi-
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Fig. 3. Radial distance r is in units of the macroion radius a.
Error bars are smaller than symbol sizes. Curves are guides to
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φ reflects strengthening correlations between macroions.
mal deformation of macroions, as should be expected for
such strongly repulsive (electrostatic and elastic) pair in-
teractions. At the highest concentration considered here
(φ = 0.4), however, the nanogel macroions do interpene-
trate up to a few percent of their diameter.
To complement our results for the radial distribu-
tion function, and to facilitate potential comparisons
with scattering experiments, we also calculated the static
structure factor, which is proportional to the Fourier
transform of g(r) and the intensity of scattered radia-
tion (light, X-rays, neutrons). For a uniform, isotropic
fluid, the static structure factor can be defined as
S(k) =
2
Nm
Nm∑
i<j=1
〈
sin(krij)
krij
〉
+ 1 , (32)
where k is the magnitude of the scattered wave vector.
In practice, we calculate S(k) from averages over the
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FIG. 10. Static structure factor S(k) from MD simulations of
the OCM for dispersions of (a) microgels and (b) nanogels,
corresponding to radial distribution functions of Fig. 9. Sys-
tem parameters are same as in Fig. 3. Scattered wave vector
magnitude k is in units of inverse macroion radius a−1. Error
bars are smaller than symbol sizes and curves are guides to
the eye. Sharpening of peaks with increasing volume fraction
φ reflects strengthening correlations between macroions.
same configurations used to compute g(r). Although we
make no attempt here to accurately calculate the long-
wavelength (k → 0) limit of S(k), techniques to correct
for finite-size effects could be applied if needed [77, 78].
Figure 10 shows our results for the static structure fac-
tor corresponding to the radial distribution functions in
Fig. 9. As with the g(r) data, sharpening of the peaks
in S(k) with increasing macroion concentration reflects
strengthening correlations between macroions. These
correlations, omitted from the CM, can significantly in-
fluence the bulk osmotic pressure of salty dispersions in
the fluid state [64, 76], as shown above in Sec. IVB.
At sufficiently high volume fractions, or low salt con-
centrations, where the Debye screening length κ−1 sub-
stantially exceeds the average nearest-neighbor separa-
tion, d¯ ∼ a(φ−1/3 − 1), a solid phase may be stabilized.
In this limit, the CM proves accurate, if only because,
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under these conditions, the microion contribution to the
osmotic pressure dominates the macroion contribution.
For impenetrable charged colloids, the analysis of Hallez
et al. [76] shows that, for moderately coupled systems
(ZλB/a < 8), the CM is generally reliable for κd¯ < 1.
Although a similar analysis is yet to be performed for
penetrable macroions, it is worth noting that our micro-
gel system straddles the threshold, κd¯ ≃ 1, while our
nanogel system lies well beyond the range of accuracy of
the CM (κd¯ > 1).
V. CONCLUSIONS
In summary, we have investigated thermodynamic and
structural properties of ionic microgels – modeled as soft,
uniformly charged spheres – dispersed in salty solutions
with monovalent microions, using Poisson-Boltzmann
theory and molecular dynamics simulation. We imple-
mented PB theory within two derivatives of the prim-
itive model: (1) a one-component model, with effective
pair interactions between microgels, and (2) a cell model,
focused on a single microgel. In the OCM, we invoked a
linear-screening approximation for effective electrostatic
interactions, which we input into both MD simulations
and a thermodynamic perturbation theory based on a
variational approximation for the free energy. In the
CM, we numerically solved the nonlinear PB equation
in a spherical cell geometry.
For two model systems ranging from nanogels to mi-
crogels, with moderate electrostatic coupling strengths
(1 < ZλB/a < 3), the linear and nonlinear implementa-
tions of PB theory predict very similar microion distri-
butions, justifying the linear-screening approximation as-
sumed within the OCM. For these systems, perturbation
theory and MD simulations – based on the same effective
pair potentials – agree closely for the macroion contri-
bution to the pressure, quantitative deviations emerging
only for dense dispersions of interpenetrating particles
with relatively long-range repulsive interactions. This
agreement validates the variational approximation, at
least for non-penetrating particles with short-range re-
pulsive interactions.
Our calculations of osmotic pressure demonstrate that
macroion interactions and correlations can make an im-
portant contribution to the total pressure of ionic mi-
crogel dispersions, even at relatively low (sub-mM) salt
concentrations. The significance of macroion correlations
in our model systems is confirmed by our MD analysis,
which reveals that macroion-macroion radial distribution
functions and static structure factors are highly struc-
tured in concentrated dispersions. We conclude that the
coarse-grained OCM provides a computationally practi-
cal framework for exploring physical properties of ionic
microgel dispersions and that the PB cell model, while
reliable when applied to deionized solutions, should be
applied with caution to salty solutions, as was demon-
strated previously for charged colloids [64, 76].
In the future, it will be important to test predictions of
the OCM for thermodynamic and structural properties
against results from experiments and from simulations of
the primitive model, which explicitly include microions.
Previous such comparisons for charged colloids [62–64]
have charted the range of accuracy of the OCM for im-
penetrable particles, identified the threshold for the on-
set of nonlinear screening effects, and helped to test and
calibrate charge-renormalization theories. Similar com-
parisons for ionic microgels would help to motivate de-
velopment of renormalization theories for dispersions of
more strongly coupled (highly charged) penetrable par-
ticles [49]. Such a comprehensive theory would help to
guide further exploration of the bulk modulus and phase
stability of ionic microgel dispersions. Future work may
also extend the methods described here to microgels with
nonuniform fixed charge distributions, such as core-shell
particles, and to other soft ionic colloids, such as poly-
electrolyte stars, dendrites, and microcapsules [79].
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Appendix A: Effective Interaction Theory
In the linear-screening approximation [45] for the
uniform-sphere model of microgels, the volume energy
per macroion is given by
βE0
Nm
=
βFp
Nm
− 3Z2λB
a
{
1
5
− 1
2κ˜2
+
3
4κ˜3
[
1− 1
κ˜2
+
(
1 +
2
κ˜
+
1
κ˜2
)
e−2κ˜
]}
− Z
2
n+ − n−
n+ + n−
, (A1)
where κ˜ ≡ κa and the microion plasma free energy,
βFp = N+[ln(n+Λ
3)− 1] + N−[ln(n−Λ3)− 1] , (A2)
is the free energy of an ideal gas of microions in a uniform
compensating background. The corresponding volume
pressure [Eq. (15)] is given by
βp0 = nµ +
3
2
Z2
λB
a
nm
[
− 1
κ˜2
+
9
4κ˜3
− 15
4κ˜5
+
(
3
2κ˜2
+
21
4κ˜3
+
15
2κ˜4
+
15
4κ˜5
)
e−2κ˜
]
, (A3)
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and the system salt chemical potential [Eq. (29)] by
βµs = β
(
∂fm
∂ns
)
nm
+ ln(n+Λ
3) + ln(n−Λ
3)
+
Znm
n2µ
+ 3Z2
λB
a
nm
nµ
[
− 1
κ˜2
+
9
4κ˜3
− 15
4κ˜5
+
(
3
2κ˜2
+
21
4κ˜3
+
15
2κ˜4
+
15
4κ˜5
)
e−2κ˜
]
. (A4)
The effective electrostatic pair potential between over-
lapping macroions is
vov(r) = vmm(r) + vind(r) , r < 2a , (A5)
where
βvmm(r) = Z
2λB
a
(
6
5
− 1
2
r˜2 +
3
16
r˜3 − 1
160
r˜5
)
(A6)
is the bare (Coulomb) pair potential between two over-
lapping, uniformly charged spheres and
βvind(r) = −
(
3Z
κ˜2
)2
λB
2r
[(
1 +
1
κ˜
)2
e−2κ˜ sinh(κr)
+
(
1− 1
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1− e−κr + 1
2
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1
24
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− 2
3
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5
κ˜2
)
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9
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720
κ˜4r˜6
]
(A7)
is the microion-induced pair potential, where r˜ ≡ r/a.
The corresponding effective electrostatic force between a
pair of overlapping macroions is given by
fov(r) = −v′ov(r) = fmm(r) + find(r) , (A8)
where
βfmm(r) = Z
2λB
a2
(
r˜ − 9
16
r˜2 +
1
32
r˜4
)
(A9)
is the bare electrostatic force and
βfind(r) =
(
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2)2 κλB
2r
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)2
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r
(A10)
is the microion-induced electrostatic force.
Finally, the density derivative of the effective elec-
trostatic pair potential between overlapping macroions,
which appears in Eq. (24), is given by
nm
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∂nm
)
Ns/Nm
=
κ
2
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)
(A11)
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